Genus- 2 Gromov-Witten invariants for manifolds with 
semisimple quantum cohomology 



Xiaobo Liu 



In [L2], the author studied universal equations for genus-2 Gromov-Witten invariants 
given in [Gel] and [BP] using quantum product on the big phase space. Among other 
results, the author proved that for manifolds with semisimple quantum cohomology, the 
generating function for genus-2 Gromov-Witten invariants, denoted by F 2 , is uniquely 
determined by known genus-2 universal equations. Moreover, an explicit formula for F 2 
was given in terms of genus-0 and genus-1 invariants. However, the formula given in [L2] 
is very complicated to work with. In this paper, we will give a much simpler formula using 
idempotents of the quantum product on the big phase space, and then use it to prove 
the genus-2 Virasoro conjecture for manifolds with semisimple quantum cohomology (cf. 
[EHX] and [CK]). 

Properties of idempotents on the big phase space were studied in [L4]. Let M be a 
compact symplectic manifold. In Gromov-Witten theory, the space H*(M;C) is called 
the small phase space. A product of infinitely many copies of the small phase space is 
called the big phase space. The generating functions for Gromov-Witten invariants are 
formal power series on the big phase space. Let N be the dimension of H*(M; C). If the 
quantum cohomology of M is semisimple, there exist vector fields £j, i = 1, . . . , N, on 
the big phase space such that 8{ o £j = d~ij£i for all i and j, where "o" stands for the 
quantum product (see equation (1)). These vector fields are called idempotents. Let u iy 
i — 1, . . . , TV, be the eigenvalues of the quantum multiplication by the Euler vector field 
(see equation (2)). The first main result of this paper is the following 

Theorem 0.1 If the quantum cohomology of the underlying manifold is semisimple, the 
genus-2 generating function F 2 is given by 

1 1 1 N 

2 3 6 i=1 

In this formula, A\ and B are tensors which only depend on genus-0 and genus-1 data. 
Precise formulas for A\ and B(8i,£%,£i) are given in equation (15) and equation (27) 
respectively. The tensor A\ comes from the genus-0 and genus-1 part of the genus-2 topo- 
logical recursion relation derived from Mumford's relation (cf. [Gel]) and tensor B comes 
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from the genus-0 and genus- 1 part of an equation due to Belorousski and Pandharipande 
(cf. [BP]). S is the string vector field (see equation (3)), and C n is the n-th Virasoro 
vector field (see equation (17)). The operator r_ lower the level of descendants of vec- 
tor fields by 1. We will also give a formula for F 2 which only involves genus-0 data in 
Theorem 3.1. 

The Virasoro conjecture predicts that the generating functions of Gromov-Witten 
invariants of smooth projective varieties are annihilated by an infinite sequence of differ- 
ential operators which form a half branch of the Virasoro algebra. This conjecture was 
proposed by Eguchi-Hori-Xiong and Katz (cf. [EHX], [CK]). It is a natural generalization 
of Witten's KdV conjecture (cf. [Wl] [W2]) which was proved by Kontsevich (cf. [Ko]). 
For manifolds with semisimple quantum cohomology, the Virasoro conjecture completely 
determines the higher genus Gromov-Witten invariants in terms of genus-0 invariants 
(cf. [DZ3]). In [LT], Tian and the author proved the genus-0 Virasoro conjecture for all 
compact symplectic manifolds (see also [DZ2], [Ge2], [L3], [Gi3]). The genus-1 Virasoro 
conjecture for manifolds with semisimple quantum cohomology was proved by Dubrovin 
and Zhang [DZ2] (see also [LI] and [L4]). In [LI] and [L2], the author also proved that 
the genus-1 and genus-2 Virasoro conjecture for all smooth projective varieties can be 
reduced to an SL(2) symmetry of Gromov-Witten invariants. The second main result of 
this paper is the following 

Theorem 0.2 For smooth projective varieties with semisimple quantum cohomology, the 
genus-2 Virasoro conjecture is true. 

In [Gil], Givental conjectured a formula for higher genus Gromov-Witten potential for 
manifolds with semisimple quantum cohomology. His formula satisfies the Virasoro con- 
straints (cf. [Gi2]). Since in the semisimple case, Virasoro constraints uniquely determine 
the higher genus Gromov-Witten potential (cf. [DZ3]), Theorem 0.2 implies that Given- 
tal's conjectural formula is correct in the genus-2 case. We also note that the method 
used in this paper should apply to higher genus case once the corresponding universal 
equations are obtained. 

Part of the work in this paper was done when the author visited IPAM at Los Angeles, 
MSRI at Berkeley, and IHES in France. The author would like to thank these institutes 
for hospitality. 

1 Quantum product and idempotents 

We first review properties of quantum product and idempotents on the big phase space 
which will be used in this paper. The proofs for these properties can be found in [L2] and 

Let M be a compact symplectic manifold. For simplicity, we assume H odd (M; C) = 0. 
The big phase space is by definition the product of infinite copies of H*(M; C), i.e. 

oo 

P =l[ H*(M;C). 

n=0 
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Fix a basis {7i,---,7jv} of P*(M;C) with 71 = 1 being the identity of the ordinary 
cohomology ring of M. Then we denote the corresponding basis for the n-th copy of 
H*(M; C) in P by {r„(7i), . . . , t„(7at)}. We call T n {j a ) a descendant of j a with descendant 
level n. We can think of P as an infinite dimensional vector space with basis {r n (7 Q ) | 
1 < a < N, n G Z> } where Z> = {n G Z | n > 0}. Let (t" \ 1 < a < N, n G Z> ) be 
the corresponding coordinate system on P. For convenience, we identify T n {j a ) with the 
coordinate vector field -M^ on P for n > 0. If n < 0, r n (7 Q ) is understood as the vector 
field. We also abbreviate r (7 Q ) as 7 a . Any vector field of the form J2 a faja, where f a 
are functions on the big phase space, is called a primary vector field. We use r+ and r_ 
to denote the operator which shift the level of descendants, i.e. 



where f n>a are functions on the big phase space. 

We will use the following conventions for notations: All summations are over the entire 
meaningful ranges of the indices unless otherwise indicated. Let 



be the intersection form on H*(M,C). We will use r\ = (77^) and rj 1 = (r] al3 ) to lower 
and raise indices. For example, 



Here we are using the summation convention that repeated indices (in this formula, f3) 
should be summed over their entire ranges. 



be the genus-g descendant Gromov-Witten invariant associated to 7 Ql , . . . , ^ ak and non- 
negative integers ni,...,rik (cf. [Wl], [RT], [LiT]). The genus-fir generating function is 
defined to be 





T := TT7/J- 



Let 



( 7 ni(7ai) ^2(102) ■ ■ ■ r n fc (7afc) ) g 



fe>0 ft " 

ai,...,< 



ni 



• • • Q ( 7- m (7ai ) Tn 2 (7a 2 ) • ■ ■ ^ (7a J ) g ■ 



m,...,n k 



This function is understood as a formal power series of t. 
Introduce a A;-tensor (( )) defined by 

k 




for vector fields Wi = J2 m ,a fma air where j % m a are functions on the big phase space. We 
can also view this tensor as the k-th covariant derivative of F g with respect to the trivial 
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connection on P. This tensor is called the k-point (correlation) function. For any vector 
fields Wi and W2 on the big phase space, the quantum product of Wi and W2 is defined 
by 

WioW 2 := ((WiW 2 7 a )) 7a- (1) 

This is a commutative and associative product. But it does not have an identity. For any 
vector field W and integer k > 1, W fc is understood as the k-th. power of W with respect 
to this product. 
Let 

X : = - £ ( m + ba _ 6l _ l) £ Tm ( 7a ) _ Ci C ^1(7/9) (2) 

be the Euler vector field on the big phase space P, where = £° — 5 m ,i5 a ,i, 

6 a = -(dimension of 7 a ) — - (real dimension of M) + - 

and the matrix C = (Cf ) is defined by Ci(V) U7 Q = Cf 7^. For smooth projective varieties, 
the dimension of 7 Q should be replaced by twice of the holomorphic dimension of j a in 
the definition of b a . 

The quantum multiplication by X is an endomorphism on the space of primary vector 
fields on P. If this endomorphism has distinct eigenvalues at generic points, we call P 
semisimple. In this case, let £±, . . . , £n be the eigenvectors with corresponding eigenvalues 
ui, ...,u N , i.e. 

X o Si = UiSi 

for each % — 1, • • • , N. Si is considered as a vector field on P, and W; is considered as a 
function on P. They satisfy the following properties: 

Si O Sj &ij Si , £j\ 0; 

for any i and j. We call {£1, . . . , Sn} idempotents on the big phase space. When restricted 
to the small phase space, they coincide with the coordinate vector fields of the canonical 
coordinate system of semisimple Frobenius manifolds (cf. [D]). 
Let 

5:=-Efe-i(7a) (3) 
be the string vector field on P. We define 

W = WoS 

for any vector field W on P. The vector field S is the identity for the quantum product 
when restricted to the space of primary vector fields. We have 

N 

3=5>- (4) 

i=l 
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and 

N 

= (5) 
i=i 

for k > 1. 

For any vector fields W and V on the big phase space, define 

<W,V>:=((SWV)) . (6) 

This bilinear form generalizes the Poincare metric on the small phase space. It is nonde- 
generate only when restricted to the space of primary vector fields. It is also compatible 
with quantum product in the following sense: 

< (Wi o w 2 ), w 3 >=< m, (m o w 3 ) >, (7) 

and 

< W u m >=< Wi, W 2 > 
for any vector fields Wj. We have < 5,, >= if i ^ j and the functions 

are non-zero in the region where idempotents are well defined. Any primary vector field 
W has the decomposition 

i=l 5i 

Let V be the covariant derivative on P of the trivial flat connection with respect to 
the standard coordinates {£"}. The compatabilities of this connection with the quantum 
product and the bilinear form are given by 

v Wl (m o m) = (v Wl m) ° w 3 + w 2 o (v Wl w 3 ) + « m w 2 w 3 7 a )) 7« (8) 

and 

Wi<W 2 ,W 3 > = < {V Wl W 2 + Wior_(W 2 )},W 3 > 

+ < W 2 ,{V Wl W 3 + Wior_(W 3 )} > (9) 

for any vector fields Wi- Equation (9) suggests that the modified connection V defined 
by 

V Wl W 2 := V Wl W 2 + Wi o r_(W 2 ) 

is compatible with the bilinear form < •, • >. Moreover equation (8) implies that the 
family of connections V 2 defined by 

V^W 2 := V Wl W 2 + z Wi o r_(W 2 ) 

are flat for all z, where z is an arbitrary parameter. 
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Covariant derivatives of idempotents are given by 



V w Si = - 2 (( W ^ S t r » la o Ei + (( W Si Si 7 a » o i a 
for any vector field W. In particular, 

V £j Ei = bijTj - Tj o Si - Ti o Sj 

where 

T 3 := ((£ j £j£ j 'f)) 'Y a 

for each j = 1, • • • , N. Vector fields Tj are also related to the string vector field by the 
formula 

N 



r-(5) = -E^- ( 10 ) 

i=i 

For any vector field W, define 

T(W) :=r+(W) -Sot+(W). 

The operator T was introduced in [L2] to simplify topological recursion relations for 
Gromov-Witten invariants. It corresponds to the ip classes in the relations in the tauto- 
logical ring of moduli space of stable curves. In some sense, repeatedly applying T to a 
vector field will trivialize its action on genus-g generating functions. Here are some basic 
properties of T: For any vector fields Wj, 

(i) T(Wi) o W 2 = 0, 

iii) (( r(Wi) m m m )) = (( (m ° m) m m )) 
(in) v Wl t(w 2 ) = t (v Wl m) -m°m 

(iv) T(W)u t = 0, 

(v) <T(Wi),W 2 >=0, 

(vi) V T{w) £ t = -Wo£ t , 

(vii) [T(W), ^] = -T(V fi W). 

Note that {T fe (^) | i = 1, . . . , TV, k > 0} gives a frame for the tangent bundle of the big 
phase space. This frame is not commutative due to property (vii). Any vector field W 
has the following decomposition 

fc-i 



W = T fe (r fc (W)) + ^r(ri(W)) (11) 



i=0 



where k is any positive integer (cf [L2, Equation (26)]). This decomposition is very useful 
when applying topological recursion relations. In particular, we will frequently use the 
decomposition 

W =W + T(t4W)) 
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and call this the standard decomposition of W. For example, using this decomposition, 
we see 

Wu, = Wui 

for any vector field W on the big phase space. 

For any vector field W = J2n,a fn, a T n ha), define 

Q * W ■= J2(n + b a )f nya r n ( la ). 

This operator was used in [L2] to give a recursive description for the Virasoro vector fields. 
On the space of primary vector fields, the operator Q* has the following property: 

<g*w, v> + < w, g*v>=< w, v> (12) 

for all primary vector fields V and W. Moreover, for any i, 

g * Si = ^Si - UiTi + X o Ti. (13) 

2 Universal equations in genus 2 

We will need two genus-2 universal equations. The first one is the genus-2 topological 
recursion relation derived from Mumford's relation (cf. [Gel]): For any vector field W, 



T'(W))) 2 = A 1 (W) (14) 



where 



MW) := ^«7 a » 1 «{7"oW})) 1 + i{{ 7 „{ 7 «oW})) 1 -^ 5 {(W{7 a .o7«})> 1 

+ WO « W 1° 7 ° ^ ))» « ^ » ' + WO « W < 15 » 

Another genus-2 equation is the following (cf. [BP]): For any vector fields W i: 

2(({W 1 oW 2 oW 3 })) 2 -2((W 1 W 2 W 3 7 Q ))o((n7 Q ))) 2 

+1 E {((%m(2)°%))) r ((n%){%°%})) 2 } 

= B(m,m,m), (ie) 



where B is a symmetric 3-tensor which only depends on genus and genus 1 data. The 
precise definition for B is very complicated (see [L2, Section 2]). In this paper, we 
only need the special case BiE^E^E^). We will give the definition for this function in 
equation (27). 

We will also need the Virasoro vector fields C n . A recursive description for these vector 
fields were given in [L2] by using an operator R. For any vector field W = Xm,a fn,aTn{la)-> 



define C(W) := J2 n , a ,/3 fn,aCa T n(l/3), where C is the matrix of multiplication by the first 
Chern class C\(M) in the ordinary cohomology ring. Define 

R(W) : =g *T(W) +C(W). 

Then the Virasoro vector fields are given by 

C n := -R n+ \S) (17) 

for n > —1. One of the nice properties of C n is 

>-> n — ~ 

for n > — 1 (cf. [L2, Lemma 4.1]). Here, X° is understood as S . 
Theorem 2.1 For k > -I, 

N o 

r_(A) = E«? +1 ^-o(* + 1 )^ fc - 

Proof: We prove this theorem by induction on k. First note that for k — — 1, this theorem 
is precisely equation (10). Secondly, by equation (13), we have 

N -1 N N 

g*x k = j2^g*£ t = -x k - J2 u i +1 fi + * o E u ^ 

i=l ~ i=l i=l 

By [L2, Lemma 4.1 and Theorem 4.8], 



r_(£ fe ) = X o r_(£ fc _i) — X -G*X. 
Applying the induction hypothesis, we obtain the desired formula. □ 
Corollary 2.2 For k > —1, 

N o 

i=i 2 
Proof: This follows from the following special case of equation (11): 



C k = C k + T(r4C k ))+T 2 (T 2 (C k )) (18) 

and the fact 

N 

c k = -x k+1 = -^ + %. 

1=1 

□ 
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Lemma 2.3 

_ 2 1 N 

((T(S) )) 2 = -A, (r! (£ )) - 3 E ^) ■ 

Proof: In case Wi = W 2 = W3 = Si, equation (16) has a much simpler form 

«£i» 2 -«T(^)»2 = ^(£i J £i J £ i ). (19) 

On the other hand, the genus-2 L -constraint has the form ((Cq)) 2 = 0. Corollary 2.2 
and equation (14) then imply the following 

N o 

= «A)» 2 = E«i(« r (^)» 2 - «£» 2 ) - o « T (^) » 2 + ^-(4))). 

i=i 

The lemma then follows from equation (19). □ 

Proof of Theorem 0.1: Recall that the dilaton vector field has the form V = T(S) 
(cf. the remark after [L2, lemma 1.4]). The standard decomposition of S then gives 

V = T(S + T(t-(S))) =T(S) + T 2 (t_(5)). 

By the genus-2 dilaton equation 

2F 2 = «T>» 2 = ((T(S) )) 2 + ((T 2 (r_(S)) )) 2 . 

The theorem then follows from Lemma 2.3 and equation (14). □ 

Remark: A formula for F2 under a somewhat weaker condition was given in [L2, 
Theorem 5.17]. The formula given here is much simpler and much easier to work with 
than the corresponding formula in [L2]. Moreover, the proof given here is also much 
simpler than the proof in [L2]. 

Theorem 2.4 If the quantum cohomology is semisimple, then for k > — 1, 

1 N k +1 _ t f N 1 

«A» 2 = --Y,< +l B{S l ,S l ,S i ) + ^T{X k )\^u l B{S l ,S l ,S i )\ 

+A 1 (rl(C k )) -^nx k ) Al (r!(£ )) - ^±^T(^ k )A, (r.(S)) 
Proof: By Corollary 2.2, 

«A» 2 = -E^M((^a) 2 -((T(^))) 2 )-^^T(^V 2 + ((T 2 (r!(£ fe )))) 2 . 

i=l 

The theorem then follows from applying equation (19) to the first term, Theorem 0.1 to 
the second term, and equation (14) to the third term. □ 

So far we have used only special cases of equation (16). In fact we can not get more 
information on the genus-2 generating function from other cases of this equation. But we 
can still get some interesting properties of the complicated tensor B from studying the 
more general cases of this equation. We have the following 
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Lemma 2.5 For i ^ j ^ k, 

(a) B(£ t ,£ 3 ,£ k ) =0 

(b) B(£i,£j,£j) — — B(£i,£i,£j) 

(c) £j) = ^T(£ t )B(£ 3 , £ 3 ,£ 3 ) - ^T(£ 3 )B(£i, £ h £i) + A 2 (F j ,£ i ) - A 2 (J 7 i , £ 3 ) 

In this lemma, A 2 is a symmetric 2-tensor which only depends on genus-0 and genus-1 
data. It comes from a genus-2 equation due to Getzler which takes the following form (cf. 
[Gel]): For any vector fields Wi, 

(( T(>Vi) T(W 2 ) » 2 = A 2 (Wi, W 2 ). (20) 

It was proved in [L2] that this equation follows from equation (14) and equation (16). 

Proof of Lemma 2.5: It was proved in [L4] that the genus-0 4-point functions satisfy 
the following properties: For any % ^ j ^ k and any vector field W, 

(i) ((£ t £ 3 £ k W)) = 0, 

(ii) ({W£i£i£ s )) = -{{W (21) 
(Hi) (( Si £i £j 7 a )) 7a = o ^ - ^ o . 

Applying equation (16) for Wi = £j, W 2 = £j, W 2 = we have 

£ 3 , £ k ) = -2 (( £ t £j £ k 7 * » (( T( 7a ) » 2 . 

Therefore (a) follows from equation (21) (i). 

Applying equation (16) for Wi = W 2 = £j, W 2 = £j, we have 

B(£ t , £ 3 ) = -2 (( £ t Ei £ 3 T » (( T( 7 «) » 2 - (( ^ T(£,) » 2 + (( £ 3 T(Q )) 2 . (22) 

By equation (21) (ii), if we interchange % and j, the right hand side of this equation is 
only changed by a minus sign. This proves (b). 
Since V T (^)^ = for i ^ j, 

V T{£j) T(^) = T(V T{£j) T t ) = T (« T(£ 3 ) £ t £ t £ t *f » la ) . 

By [L2, Equation (9)], we have 

V nej )T{Ti) = T ((( Ej Si Si 7 Q )) la ° £ t ) = T(T 3 o £ t ) 

where the last equality follows from equation (21) (iii). Hence taking derivative of equa- 
tion (19) along T(£j), we obtain 

(( Si T(Sj) » 2 - (( T(T 3 o £ t ) )) 2 - (( T(£ 3 ) Tfr) » 2 = ±T(£,-)B(£i, £)■ 
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Applying equation (20) to the last term on the left hand side of the above equation, we 
obtain 

(( Ei T(£j) » 2 = (( T(F 3 o Si) » 2 + 3 (( T{£ 3 ° T t ) » 2 + A 2 (^, £ 3 ) + ±T(£,-)5(£, £ u £,). 
Plugging this formula into equation (22), we obtain 
B(£ t , £ t , £j) = -2 (( Ei Si £j r » (( T{ la ) )) 2 + 2 (( o )) 2 - 2 (( T(^ o Sj) )) 2 
+4 2 (.F j ,£) + ^T(£i)B(£j, £j, £j) - A 2 (F l ,£ j ) - ^T{£ 3 )B{£ h £ h £ % ). 

The first three terms on the right hand side of this equation are cancelled with each other 
due to equation (21) (iii). This proves (c). □ 

Remark: The reason that the general form of equation (16) gives no more information 
on the genus-2 generating function than what we can get from equation (19) lies behind 
the proof of this lemma. 

Corollary 2.6 For any integers m > and k > 0, 

N N N 

2 uT +k B(£ h £ t , £ % ) = £ u? B(£ u £ u * fe ) + E < B ^ * 

i=l i=l i=l 

Proof: Since T(W) Ui = for any vector field W, multiplying Lemma 2.5 (c) by u™Uj 
and summing over i and j, we obtain 

AT N 

£ < B(£i, £ u X k )-Y. < +k B ^ 

i=i i=i 

= -T(X m ) £ u\ B(£ i: £ t , £i) - -T(X k ) £ uf B(£ h £ u £ t ) 
1 i=i 1 i=i 

N N 

i=i i=i 

Observe that the right hand side of this equation is ant i- symmetric with respect to m and 
k. So the desired formula is obtained by symmetrizing this equation with respect to m 
and k. □ 



3 Genus-2 Virasoro conjecture for manifolds with 
semisimple quantum cohomology 

By [L2, Theorem 5.9], the genus-2 Virasoro conjecture for any smooth projective variety 
can be reduced to the genus-2 Li-constraint which have the following form: 

(( A » 2 = - \ £ Ml - b a ){(( 7 « 7q », + (( 7 " », (( la »J. (23) 
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So to prove Theorem 0.2, it suffices to compute ((£i)) 2 = C\F 2 and check whether it 
coincides with the right hand side of equation (23). There are two approaches to this 
problem: The first approach is to take the formula for F 2 in Theorem 0.1 and then take 
the derivative along L\. The second approach is to directly use the formula for ({Ci )) 2 
given in Theorem 2.4. Since the intermediate results of the first approach provide more 
understanding for the genus-2 generating function and the Virasoro vector fields, we prove 
Theorem 0.2 using the first approach in this section. The second approach will be given 
in the appendix. 



3.1 Express everything in terms of idempotents 

Equation (23) is given in the flat frame {7^ | a = 1, . . . , N}, so is the tensor A 1 defined 
after equation (14). But idempotents has appeared in the expression of F 2 as given in 
Theorem 0.1. To compare CiF 2 with the formula in equation (23), we need to re-write 
both of them using idempotents only. For this purpose, it is convenient to introduce the 
following notation: 

z h,—,ik - = (\^h ' ' ' ^"ik ))o 

and 

,ifc := ' ' ' £«fc ))i • 

We will use the following simple fact which was explained in [L4]: For any tensor Q, 

N l 

Q(7«,w-o = E-Q(£» £»•••)■ (24) 
i=i 9 1 



In particular 



N l 

A:=7 a °7 a = E-4 (25) 

i=l 9i 

So the prediction of genus-2 Li-constraint, i.e. equation (23), can be re- written as 

1 N 1 

(( A » 2 = -.£-{ (( (G * Si) {Q * )), + («g* s t ) »?} . (26) 

Z i=l 9i 

Using the definition of tensor B in [L2], we can write down the precise formula for the 
function B{E^S^Si): 



B(Si,£i,£i) y ' % Zuijkifijifik - z mj < t ) jk4 > k r z ujk4 > j4 > ik\ 
i,k 9j9k to ) 

+ E \. - 2^)4 - l(i - 2<y 0^} 



9j 
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^Q^iijjkyik ^Q^ijjk'Piik -^Q^iijk'Pijk J 

- E J. { i^o^ + - 2^)fe} • (27) 

To express Ai in terms of idempotents, we will use decomposition (11) and derivatives 
of genus-0 and genus-1 topological recursion relations. Recall that the genus-0 topological 
recursion relation has the following form 

«r(w)ViV 2 » = o 

for any vector fields W and Vj. Repeatedly taking derivatives of this relation, we have 
«T()V)Vi ••• V fe+2 » 

= E E ((wv, •••v, m7 a )) 

m=l l<ii<- ■ ■ <i m <k 

■ ((leVr ■% C •••V fe+2 )) o . (28) 

The genus-1 topological recursion relation has the form 

for any vector field W. Repeatedly taking derivatives of this relation, we obtain 
((T(W)Vi ••• V*»! 

A; 

= E E ((wv, ••• v lm7 «» 

m=l l<ii<---<i m <fe 

•((7«Vi C •••V fc 

+ l« WVl ••■ V fc7 a 7«» (29) 

for all vector fields W and V«, and all integer k > 0. For any vector field W, first 
decomposing it as 

W = W + T(r_(W)) + T 2 (r!(W)), 
then using equation (28) and (29) to get rid of the operator T, we obtain 

MW) = T^((7 Q »i(((7aO W))) x 

+ ^<{^(7 a °W))) i -^((WA)) i 



+ Iirv2<<^{^^ 

^(({^o 7a } 7 « 7 ,/)) o + -L((w 7Q7 " 7 , 7 ^)) o . 



480 \U v y ' "J ' ' //o 960 
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In semisimple case, we can use idempotents to express this tensor as 

MW) = ^^{LlLj^^^U, 



9i ( gi \10 Tl HT'V y240 9j 

^\2A0 gj g k QG0gj9k , 

^ (t_(W), &) ( 1 1 1_ 1_ 

+ Y ^ I 20 9i ^ + f 480 g i9j Zi ™ + ^ H52 ^ Z ^ kk 



+ V x 1 ' 1 • —-. (30) 
i # 1152 # 1 ; 

3.2 Expressing everything by rotation coefficients 

Relations among functions Zi lr .. t i k and 0^ ... ^ are very complicated. It's much easier to 
see the relations by introducing rotation coefficients. On the small phase space, rotation 
coefficients was introduced by Dubrovin [D] to study semisimple Frobenius manifolds. A 
similar definition for rotation coefficients on the big phase space is the following: 

- E i r~. 

We will briefly review basic properties of rotation coefficients when they are needed. The 
readers are referred to [L4] for more details. First, (r^) is a symmetric matrix. Using 
these functions, the operator Q* is given by 

Q * Si = \-Ei + ^2{ui - Uj)rij J— £j (31) 
1 j V 9j 

for all i. Therefore, the prediction of the genus-2 Lx-constraint, i.e. equation (26), is given 
by 

(( A » 2 = -IT! ^ I t(&< + + Y,( u i ~ u j) r ij^(4>ij + Mj) 

i=i yi ^ j v 

+ Y,( u i ~ u j)( u i - u k )rijr ik 9l (4> jk + (pj(f) k ) 

j,k V9j9k 

Note that the second term is anti-symmetric with respect to i and j, so equal to when 
summing over % and j. Define 



v. 



(uj - Ui)rij. 



Then Vij = —Vji for all i and j. The prediction of the genus-2 Li-constraint can now be 
written as 

«A» 2 = -^E^U(^ + 0D+EW^(^ + ^)1- ( 32 ) 
2 i=i 9i { 4 j, k VOW J 
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Covariant derivatives of idempotents are given by 

^9j c- , [9-. 



N 



T i Oj I Oij J T'ifc i / G k 



(33) 



for any % and j. To compute the derivatives of rotation coefficients, we define 

1 / 







+ r ik V jk 
k / 



for i 7^ j. These functions satisfy the following property 

Oij ~t~ ^ji ^ ] TikTjk 

k 

for any z ^ j. First derivatives of rotation coefficients are given by the formula 

r o, xi^j^k, 



(34) 



Oij, 



if k = i^ j, 
if i = j k, 



(35) 



-2 E, r| + E P ^i 0* + J (t£(5), Si) , if < = j 



k. 



The appearance of < r 2 (S), Si > in the last equation is a typical big phase space phe- 
nomenon. This term vanishes on the small phase space, but is in general not zero on the 
big phase space. To compute higher order derivatives of rotation coefficients, we also need 
the following formula: 



S 3 < r k _(S), £i>= S tl < t1 +1 (S), £i> + < r*(5), V £ .£ > 



(36) 



for all k > 0. This formula follows from equation (9). We can repeatedly apply the above 
formulas to compute higher order derivatives of rotation coefficients in terms of functions 
gi, Ui, rij, and < r k (S), Si > with k > 2. When we compute k-th order derivatives of 
rij, we might encounter < r k+1 (S), Si >. For most purposes (for example, for the proof 
of genus-1 and genus-2 Virasoro conjecture) these terms will not affect the final results. 
In this paper, we only need derivatives of rotation coefficients up to order 3. It will be 
convenient to introduce the following functions when computing the second and third 
order derivatives: 



Aij : = 



Uj — Ui 



Oij — Oji + ^2 TuTjkVkl f , 
k,l 



U, 



— — j 3Q i:j - ^2(u k - Uj)0 ik jk - ir u + Y r ikVik] 

U i { k \ k ) 
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for i ^ j. These functions have the property 

Qij = Qji and A^ + Aji = £ Qikdjk 

k 

for all i ^ j. They arise naturally in the second and third order derivatives of rotation 
coefficients because 

P.Q.. _ [ r liir-A B Q 

^3 u i3 \ '33 \ n 3 I 3 3 
\ V 9i J 

and 

[9k 



= e 3t [ Y^rl + JfOv + £ ] + a 

yj k^i V y» 



for z 7^ j. We might consider 0^, f^- , and A i3 - as functions having poles of order 1, 2, and 
3 respectively in terms of u±, . . . , u n . 

We can assign gi with degree 0, Ui with degree —1, and fc-th order derivatives of rjj 
along directions of idempotents with degree k + 1. Then most expressions in this paper 
are homogeneous of a fixed degree. For example, functions z ilr .. tik have degree k — 3 for 
k > 3, <&!,... ,i fc have degree fc, (^r k (S), S^j has degree fc, (r k {C m ), S^j has degree k — m — 1, 
B(S i) Si, Si) has degree 4, (( £i )) 2 has degree 2, and F 2 has degree 3. In general, we expect 
F 9 to have degree 3(g — 1) for all g. 

To express F2 in terms of rotation coefficients, we need first to use rotation coefficients 
to describe vector fields t!L{Cq). A recursion formula for T k (C m ) was given in [L2, Theorem 
4.8]. In the semisimple case, using equations (7), (12) and (31), this recursion relation 
can be written as 

(r k+1 (C m ),S t ) = Ui (r k+1 (C m - 1 ) : S i ) + (k+^){r k (C m ^), £< 

+ £%</^(r*(£ m _i),£: J ). (37) 

3 V 9 3 

In particular, since C-i = —S, we have 

Ik 4- 1 

<r k (C ),S t > = -u i <T k _{S),E i > ^-<r k _-\S),E i > 

-Y,Vi3\ff<T k -- 1 {S),£ j > (38) 
3 V 9j 

for > 1. We will keep < r k (S), Si > with k > 2 in our computations. But for k = 
and A; = 1, we will use (cf. [L4]), 

<S,Si>=gi and < r_(<S), £ >= 2 r O'v^J ■ ( 39 ) 

i 

We now describe how to represent z^,...,^ and 4>i lt ...,i k in terms of rotation coefficients. 
In [L4], it was proved that genus-0 4-point functions have the following property: For 
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[ii] z. 



' \J 9i9j r ij > 

(in) Zijki = otherwise. 
It was also proved that genus-1 1-point functions are given by 



r ij v ij 



9j 



r ij- 



240, = -12 £ 

3 

Note that for any positive integer k, 

k 

E ix E i2 ■ ■ ■ S ik+1 )) = S ik+1 (( £ h ■ ■ ■ S ik )) g - (( £h ' • ' ( v ^ fc+1 £ ij ) ' - - £ 



(40) 



(41) 



/ fc 

= ^ifc+l (( ' ' ' &ik ))n ~ E r ij,ik+l 

\j=l 

k 

~ E r ij,ik+\ 



nk+i 



j=l P 



^•ii • • • ^-ij ' ' ' /) • (42) 



Repeatedly using this formula, we can express all functions z^...^, with k > 4, and 0i r ..j fc , 
with fc > 1, in terms of rotation coefficients. For example, genus-1 2-point functions are 
given by 

24<fe = 12rf. -^(r 2 (S), ^) + E|4 (-10 + ^+24^^1 



^ ( I2r ijrjk v jk j— + r ijrjk J— ) 6 ij\l— + % J— ] ( 43 ) 



for all i, and 

24^- 



124 + E 



9j 



9k 



fikXjk 



9k 



I9j 



9j 



9i 



+ UrijUkVikJ h 12r i:j r jk v jk J — 

\ 9i y S'j 



-ft 



+ # 



(44) 



for i 7^ j. When k becomes larger, the formula for z^...^ and 4>h-ik becomes more 
complicated. It is not illuminating to write them out here. But one should notice that to 
express F 2 in terms of rotation coefficients, we only need z il ... ik for 4 < k < 6 and 0^...^ 
for 1 < k < 4, which can be obtained by taking derivaties of equations (40), (43), (44) 
twice. Combining with the formula in Theorem 0.1, and equations (27), (30), (38), (39), 
a lengthy but straightforward computation shows the following: 
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Theorem 3.1 For any manifold with semisimple quantum cohomology, the genus-2 gen- 
erating function for the Gromov- Witten invariants is given by the following formula: 



5760 F 2 



i Hi i j^i \ft 



'ft 



+ ? i(x!(5,, f ,){ 2 4 r ,,I + ? (5 rtf iy| +1 44,^I)} 



-24r,. 



+ £ 

k 



I IK 

9i V ft 



+ 200r. 



9j 



r ik v ik 120 



/ft' 



1 



- 144- + r,- fc v ifc 85- + 45- 



ft 



ft 



ft". 



£576r^-£576^ £ 



ft 



ft 



+ £ (480rJ-i= - 23^rJ I - 1728r^ % i 
ij I \J9i9j ft ft 

f 1 /ft" 1 

+ £ \ -^rurikrjk—J^- + 115ryT ife r jfc — 

9i \ 9i 



i,j,k K tJi \j tJi 9i 

+ \Ah2r 2 ik (r ij v ij )— - 1728^— (r ifc v ife ) 1 

ft ft J 

+ £ 1 120r^rj fc (r^) -j= - l^rijru{r jk v jk ) — J— 
ij,fc,z I vftft ft V 9j 

1 1 1 

-tt)r ik rj k riiVji— + 720r ij {r ik v ik )(r jl v j i)— = . 

9i v ft ft J 

This formula is much simpler than the formulas for expressing 4-point genus- 1 functions 
4>mj and (finjj in terms of rotation coefficients (which were omitted here). We also note 
that the right hand side of this formula only depends on genus-0 data. In [DZ3, pl57- 
160], a three-page formula of F 2 for semisimple Frobenius manifolds was derived under 
the assumption that F 2 satisfies the Virasoro constraints. Comparitively, Theorem 3.1 
gives a much simpler formula for F 2 . 

Note that when computing 4-point genus- 1 functions 4>mj and <pnjj using equations 
(41) and (42), we will encounter third order derivatives of rotation coefficients. This 
causes that B(Si,Si,Si) contains third order poles of the form 



— ,/— - A 



v'ftft ft \ ft 



'_}: I fgf 

s ^Mj 9i\ 9i, 



When interchanging i and j, the second term in this expression is precisely the first term 
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with an opposite sign. Multiplying this expression by Ui and summing over i, we obtain 



By the definition of A^, — Uj)Aji only has second order poles. Therefore third order 
poles do not appear in the formula for F 2 in Theorem 3.1. Similar observations have also 
been used to simply terms with first and second order poles when computing F 2 . 

Also note that the 4-point genus-1 functions (pun will produce a term — ^ (rt(S), Sij 
in B(Si,Si,Si). After multiplied by Ui and summed over i, this term will be cancelled 
with the corresponding term produced by 2Ai(t^_(Cq)). Therefore the formula for F 2 in 
Theorem 3.1 only contains (r k (S), E^j for k — 2,3. 



3.3 Action of C n 

In this section, we discuss the action of Virasoro vector fields on functions g^ r^, and 
t^(«S), Si). Although for the proof of Theorem 0.2 we only need to know the action of 
!, we will discuss the action for all C m since they may be needed for the study of higher 
genus Gromov-Witten invariants. 

Recall for any vector field W, we have the standard decomposition 

W= W +T(r_(W)). 

In previous sections, we have given formulas for the action of Si on functions Ui, g^ 
Tij, and (t^S), Sij. Since for any vector filed W, its primary projection W has the 
decomposition 

i ft 

the action of W is thus well understood. In [L4], we have shown the following formula 

T(W) Ui = 0, 

T(W)g t = -2(W,£i), 

r(W)r y = Sij {- (T ' (W)l St) + X)r ifc -L= (W, S k )\ 
{ 9i k V9i9k J 

for any vector field W. Therefore for any vector field W, we have the followings formula 

WiM = -{W,£i), 
9i 

W 9i = -2(T4W),S i ) + ^r ij M(W,S j ), 

j V 9 3 

Wr tJ = - (W, Si) % + - (W, Sj) 9ji + £ - (W, S k ) r tk r jk for % ± j, 
9i 9j k 9k 
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Wr u = ^f-(w,£ j )e ij + -(W,£ i )9 ji )M 
jjti {9j 9i J V 9% 

-i (r 2 (W), St) + 1 (W, £) (r!(5), ^) + E ^= WW), £,-> 
y« i/i j \J9i9j 

+E4(^W^>-4< W '^}- (45) 

For the Virasoro vector fields £ m , we have 

(£ m , Si) (/j 

since 

£ m = " . The recursion formula (37) implies that 

(r_(£ m ), = -?(m + 1)<^ - E^W&fc ( 46 ) 

and 

" E ( 2m«r + ^(3m + 7)«y - £ 

j V A p=0 

m 

~ E Vijrjk^g^Y, uI i u T~ P - ( 47 ) 

j,fc p=0 

These formulas enable us to compute C m Ui, £ m 9i, and C m Tij. When computing C m rij, 
we will encounter first order poles of the type u" l+1 9ij + -u™ +1 ^j. By equation (34), we 
have 

<c +1 % + = («r +1 - < +1 )% - E n k r jk . 

k 

Factoring out Ui — Uj from — u™ +1 and using the definition of %, we have 

m j m 

uT + % 3 + = -r y E «" p - E < +1 + (« fc - Uj ) E 

p=0 k { p=0 

Similarly 



uf + % + uT + % = m E <uj' p + E r ik r jk -u? +1 + (u k - Uj ) E < 

p=0 k I p=0 



uJ~ P 



Therefore first order poles 6^ will not appear in C m rij for all i and j. A straightforward 
computation shows the following 
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Lemma 3.2 For i ^ j, 

C II- = -7/ m+1 

£ m 9i = 3(m + l)u™g. 

m 

1 



p m—p 

p=0 k I p=0 



C m r u = Jm(llm+19X _1 + (m+lXri. 

o 



p m—p 
i U k 



p=l 



+ Y, r i k {(rn+ l)uTu k - muT +1 - u^ +1 ) . 
fc 

From this lemma, we see that the action of £ m dereases the degree by m. 

We now consider C m (r k (S), Si). We first note that for any vector field W, 



V w r fc (5) = r fc (V w 5) = -r fc+1 (W) 

for any k > 0. So by equation (9), 

W (t1(S), £i) = - (r k+1 (W), £i) + (r k+1 (S), Wo£ t ) + (r k (S), V w ^) . (48) 

For the Virasoro vector field C m , using the standard decomposition, we have 

V £m £i = -V-^+i £ + V T(r _ (£m) ) ^ = - E "f^'Vf^i - r_(£ m ) o 

i 

By equations (33) and (46), we obtain the formula 

V^ m Ei = \(m+ l)uT£i + E« +1 - nf^Ms, (49) 

A 3 V 

So by equation (48), we have 

C m (r k (S),£ t ) = -(T k ^\C m ),£ t )-uT +1 (r k ^\S),£ t ) + ^m+l)ur(T k (S),£ t ) 
+ T,« +1 -^T +1 )^M(r k (S), £j). (50) 

i V 



Note the first term on the right hand side, i.e. {r k+l {C m ), £ij can be computed recursively 
using equation (37). 
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3.4 Computing C1F2 

We are now ready to compute CiF 2 where F 2 is given by Theorem 3.1. First observe that 
for Ci, Lemma 3.2 has a simpler form 

Lemma 3.3 For alii and j , 

(i) L x ui = -u*, 

(ii) dgi = 6uigi, 

(Hi) CxTij = -r-Sij + (ui + Uj)rij - VikVjk- 
4 k 

Using this lemma and the definition of Oij and fi^, we obtain for i ^ j, 

dvij = - Uj) ^ v ik v jk , (51) 
k 

CiOij = (Sui + Uj)9ij - ^jTij + ^ r ikVjiv k i, (52) 

4 k,l 



and 



In particular 



CiQij = 3(ui + Uj)SUj - y nkrjk + rur jk v kp vi p . (53) 

k k,l,p 



= 6 { Qij - 6ji + ^ r H r jkVkl I — J— 

\ k,i J 9j V 9j 

+ -7E r * fe7 > + 51 rarjkVkpVip \-^= --^Jt-)- ( 54 ) 
\ ^ k k,i, P J \\/9i9j 9j V yj'/ 

Therefore £i-F 2 does not contain second order poles. Moreover by equation (37), 

i t™(C 1 ),E 1 ) = -^<T m (S),£ t >-(2m+l)u l <r m '\S),£ l > 

-EK 2 -^/f<r-- 1 (5),£:,> 
j V 9j 

-(m 2 - i) < r m - 2 (5), £ > -2mJ2 Vij M < r m -\S), E 3 > 

4 j V & 

-J2 v ij v jkM < r m - 2 (S), E k > (55) 



9k 
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for m > 1. So by equation (50), 

A (^(5),^) = 2(m + 3K (r_ m (5), ^) + {(m + l) 2 - ^} (^(5), ^ 



+2(m + l)SW-( T -" 1 ( 5 )^: 



for m > 1. In particular, 



+ (56) 



£i (r 2 (5), 5j) = lOttj (t 2 (S), Si) + — Y. r ijVdi9j + Qj2 v iJ r jkV9i9k 

3 3,k 

+ H v ij v jk r kly /g~g~ l (57) 

and 

A(l(,!(5),f,)) = «<^£)+85> * (r!(S), £) . 
Vft / 4 ft i Vft 3 %' 

+ S v w v jfc-/== ( T -( 5 )> • ( 58 ) 
j,k \J9i9k 

The last equation implies that C\F 2 does not contain (r^_(S), £^j. 

Using Lemma 3.3 and equations (51), (52), (54), (57), (58), a straightforward compu- 
tation shows that 



1152 CiF 2 = 1152 ((Ci 



'2 



3 



+ ?g^{ 6 ^\f + 48 ^"^ + 24 ^? 4 + 24 ^/l? 

" E + £ {sTrji - 144r„r yl , y i) 

fill l l 

+ 2 1 -r r y r ifc^= + 66rijTifcUifc - 36(r ij %)(r ifc v ifc ) — 

^Tfc I 4 v 7 ^ \/ftft ft 



+ H \-2ArjiruVijVik— + 2Ar jk r k iv 2 j — = 
i,i,fc,i I ft 
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-576r jk (r k iv k i)vijV ik — + 288r jk (r k iv M )Vi j - 



9k ' WMkj 

+ E I - r jp r kiVijV ik * - 2ir jp (r k iv k i)v ij v ik ^^ = 

i,j,k,i, P I V9Wp ^/9k9p 

-144(r jp v jp )(r kl v kl )vi j v ik —^ = > . (59) 

On the other hand, plugging the formulas (41), (43) and (44) into equation (32), then 
using the fact that 

E E Q—^—Oij = E E 3 ^^(% + %) = - E E E r ^ 

i jVi \[9i9~i i jjti \f9i9j i jjti V 9i9j k 

to simplify the resulting expression, we see that the prediction for the genus-2 Li-constraint 
is precisely given by equation (59). This completes the proof of Theorem 0.2. 



A Appendix: Another proof to Theorem 0.2 

In this appendix, we describe an alternative proof to Theorem 0.2 using the formula for 
({Ci )) 2 given by Theorem 2.4. The advantage of this approach is that we do not need 
to know the precise formula for expressing F 2 in terms of rotation coefficients. Therefore 
this approach is closer to the treatment of the genus-1 Virasoro conjecture described in 
[L4]. Moreover, in this approach, we are mainly dealing with vector field T(X) which 
behaves much better than C\. Properties for T(X) derived here may also be useful for 
the study of higher genus Gromov-Witten invariants. 
Recall that by Theorem 2.4, 

I _ ( N \ I N 

((£0)2 = 1 f{X)\^u i B{£ h S h S i )^--Y J u 2 i B{£ i ,£ h S i ) 

+A 1 (r 2 (C 1 )) - T(X) [A, (r 2 (£ ) + . (60) 

In this section, we will prove that the right hand side of equation (60) is equal to the right 
hand side of equation (59) up to a multiplicative constant 1152. As observed at the end 
of last section, this proves Theorem 0.2. 

To get rid of T( X ) in the expression of (( C\ )) 2 in equation (60), we need the following 
properties of this vector field: 



fe - 1 



T{ X )zi 1 ...i k+2 — ^ ^2 E n z P i i\'" 



' — ' * — - ' — ■ a - j i %jmq 'in -iji -ij 2 Hm -»fc+2 



Z 
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and 



T{x)4) h ... ik X! X X ~~ z pih~ijmi ^qu-c-c C-^ 

m=2 l<ji<-<j m <fc P,9 y « 

+ 07 X "^Pii" *fc<?<?- (62) 
z ^ p,g i/<? 

These two equations are obtained from equation (28) and (29) since 
T(X){{W 1 ,...W k )) g = ((T(X)W...m)) g 

k 

+ X«Wi ••• (v T( *)£) ... w fc )) , 

and V T( -^)^j = — = — «i £i- Moreover 

r(*)# = -2 < >= -2u i9i 

for any z. 

Using the above properties of T(X), we can get rid of this vector field in the right 
hand side of equation (60). We separate the contributions from tensor A x and tensor B. 
Write 

= L A + L B 

where 

L A := A 1 (r 2 _(C 1 )) - T(X) [a, (t 2 _(£ ) + ^r_(5)) } (63) 
is the contribution from the tensor Ai, and 

l b ■= \ X (u i T(X)B(£ i , S u Si) - u 2 B(Si, S t , Si)) 

i 

is the contribution from the tensor B. We have 

_W£Uj_L_ u^Up / 1^ 1_ 

" 240^ fefc + ^ p »l 480^ p 2880 

x - MjMp / 1 1 1 

„„ „ \ QQc l Z iiijjk Z kpqq AQr . Z iiij Z jkkpqq + QOCl Z ijjk z iikpqq 

i,j,k,P,q 9 i gk9( l 

gQ Z Hjk Z ijkpqq + 2^Q Z Hijk Z jkpqq ^Q Z ii-ilik z ikpqq\ 

+ i 1^ V 10 o& ^ + 10 l^~k Zl3kkkk + 120 ^ ^ fcfefc , 

_ x - Mfc^p / 11 1 \ 

^ g i9j [l20 Zijjkkp + 120 %fcfcfcp y 



(64) 
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^ U p U q / 1 11 1 

2^/ „ _ _ ( ~777 Z ijqqq Z jkkp ~ T7777 Z ijkkp z jqqq ~ 777 Z ikqq z jjkpq 
i,k,p,q9l9j9k V4U LJU I 



"I" QQ Z ijkp Z jkqqq + Q^ z ijkqq z jkpq ^ z ikpq z jjkqq 



17 3 

' 7^77 Z ijkpq z jkqq + ~^ z ikpqq z jjkq 



^ M Z^ i n „ „ ^iijfcfc 



j^f2uiUk 1 tt fc (2ttj + 2ttj - 3M fc ) 

y I * U^/^ fe + 10 //,,„, 



3 Ui(2uj + 2uk — Sui) 

z iijkk 



40 g,g k 

sr( 1 UiU P(~ + 7 \ + J_^ 7 \ 

t; \40 gj g k [ ijkkp Ujkp> 120 g i9j lkkkp J 

+ ^ ] I /in ^ ^ Z ikkp z jqqq ^-^> z ikpq z jkqq ~\~ ^ z ipqq z jkkq) 

k.v.a \™9i9j9k 



.„ ( ^ >z iijk z kpqq ~^> z iikq z jkpq ~\~ ^ z ikqq z ijkp) 

v v 1 UiUj 

+ W Z^ T7T ~~7~T Zi i kk 

Jv- /3 MjMfc 1 M fc (2^ + 2Mj - 3ttfc) 

tT 'I* U^/- fe 20 ^ 
3 iXj(2?/j - ttj) \ 
H. g j9k Zi * k ) 

,sr-( 1 ( UjUp u k u p \ 1 UjU p N 

tl 10 ^J"^ 20^/^ 

,v^, / 3 ttj(2t(j + 2w fc - 3ttj) x ^ itjitp / 1 1 \ 

ij,fc I iU » p 9j9k V4U 2 / 

^ 1-uf ^ / 1 1 \ Ui(2uj - Ui) 

+ 2. <fe* • jq — - 2-, ^ 120 ^ + 20 te J & 



+ Z^ rWj ) Z^ ~E Ziii 3 k + c %fcfcfc 

i,j { k \ b 9i9j o / 

E M ^ M ? _ \ " U p U q /4 \ 

^ijkkp / j I -^ikpq^jkqq ~r ^ijkp^kqqq I 

fe, P ft*" k,p, q 9i9j9k Vo 

_\^aa v^36«i«fc 

2 < 'ri'rjj Z^ r 
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, j. j. f 36 6 w fc(2wj + 2uj - 3w fe ) 

— ' — • 5 g i9 j 5 , 



i,j k fc 

x - 12ukUp 

/ 4 ~r Zjkkp 

^ 6 Uj(2ui + 2u k - 3iij) 

i,j,k 9i9k 

^ 12 u? ^ 6 1^(2^ - Uj) 

i 9i ij o fl« 

To compute the contribution from tensor A±, we also need to understand the action 
of T( X) on coefficients of r fe (£ ) an d T k {S) along idempotents. Since 

V t{ w)t1(S) = r k _(V Tm S) = -r k+1 (T(W)) = -r k (W), 

by equation (48), 

T(W) < r k (S), £i>=-< r1(W), S t > - < r k (S), W o £ > 

for any vector field W and k > 0. In particular, for > 1, 

T(^) < r k (S), Si >= -m < r k (S), E { > . (65) 

Comparing to equation (56), we see that T{X) behaves much better than L\. Similarly, 
since V T (w)£ = R ( w ) ( cf - [ L2 > Equation (43)]), 

T(W) < r k (C ), Si >=< r k R(W), Si>-< r k (C ), W o S t > 
for any vector field W. By [L2, Lemma 3.11], for primary vector field W and k > 2, 

T k R(W) = r k _- 1 (rt4W) + G* W + W) = o. 

So for fc > 2, 

T{X)< r k (C ), Si >= -Ui < r k (C ), Si > . (66) 

Therefore for 

W = r fe (S) or r fc+1 (£ ) with fc > 1, 
we can use equation (65) and equation (66) to compute T(X)A 1 (W) and obtain 

y J U ' i 9i \10 1 1(T*V t^ 240 ^ ft 

v ( 3 u t (r4W),S t ) v 1 (W,S k ) u v 
r [20 <?? 20 ^ fc ,,,„,• ://A7 ' 
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^1! 120 g, 10 g k J g,g t w " 



13 (W, g fc ) 2m, + Mfc N 
240 ^ 



2 «i 



i v W £j) f v / 1 | 1 «i+ ., , 

+ t 9i \j- k {2Wg igk Ziijkk+ 960 g j9k Zijjkk ; 

^ 1 u p /19 \ 
+ 480 1 12 + Wi*^ 

V * it 160^,^ 1152^/^ 

,\r-/j__^_ 1 + 2mj 1 u k 



,,fcV 480 ^ 1152 fc<7k 7 480 



Define 



and 



9i 384 gi 

- {(r^(A), - (t* + 2 Uj ) (r k _(jr, ) + ~t^ — 1 (<S) , (67) 



:= -(r fc (£ ) + ^- 1 (5),^). (68) 

<?i \ ^ 



By equations (38) and (55), 



'r k (S) Si) (r fe_1 ( l S) Si 

Cij. k = 2u i u j - — - — {(k + 2)ui + 2(1 - k)uj} 



9i 9i 
+ XX m p ~~ 2uj)(«i - u p )r ip — = (V_! _1 (<S), 



+(I _ fc 2 ) \ T ' {S) ' £t / + 2kJ2( Ui - u p )np-^ (r k -\S), S p 
4 9t p \/9i9v 

-J2( u i~ u p)( u p ~ Uq^iprpg—^zz (r fc ~ 2 (S), S q 

p,q V PiPiJ 

and 

(r fc (S),£;\ (T k - 1 (S),£ i ) 1 , 

9i 9i p y/Mp x 1 
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The contribution to ((Ci )) 2 from tensor A\ is 
La = S^^ ;2 ^ + E^^ ii2 ^-E^^ ;2 ^ 

r , |l 1 / 13 1 7 Uj 1 «j- N 

+ 7.0i •( 7ZK~ C ii;3 + /_> 7TT7T c ki;2Zijjk — — — di;2Zijkk ~ ~ «fc;2%fcfc 

i [20 gi / - J k \2A0g l g j 120 gi g k 10 gi g k , 

20 cTo" k ' 2Zijkp 
j,k,p y^yj 

1 1 V- 1 1 




480 ft^- 

1 1 

i j k 9o0 g j9h 

^ijkk ' ^iijk I ~r / ^ijkp 

m ) ^ P U52 9j9k 

— ^2 di]2 \ ^2 H77T ~~~ Z iijkk + ^2 TtTo ~~ Z ijkkp 

i [j,k 2A{J 9i9k jAp llb2gjg k 

v 1 u p /19 N 

j,k, P , q Am 9j9kg q V12 V 

In section 3.2, we have described how to represent genus-0 and genus-1 functions 
z^...^ and 4>i v -i k in terms of rotation coefficients. For our purpose, we only need z^...^ for 
4 < k < 7 and ^h-ik for 1 < A; < 4. Using these formulas, we can express La + L b in terms 
of functions U{, gi, r^, and < r k (S), Si > with k > 2. After lengthy but straightforward 
computations, we can check that La+Lb is equal to the right hand side of equation (59) up 
to a multiplicative constant 1152, and therefore Theorem 0.2 is proved. It is interesting 
to observe what happens to terms < r k (S), Si > in the computation. Both La and 
L B contains terms < r k (S), Si > with 2 < k < 4. But coefficients of < rl(S), E% > 
(as well as < t!(«S), £j >) from and Lb are opposite to each other, therefore are 
cancelled in La + Lb- However La + Lb contains < t 2 (S), Si >, which exactly match the 
corresponding terms in the right hand side of equation (59). In a contrast, the formula 
for F 2 in Theorem 3.1 contains < tI(<S), Si >. The action of C\ transforms this term to 
expressions only involve < r 2 (S), Si > as indicated in equation (58). 
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